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Abstract. Using the Morse-theoretic techniques introduced by Hitchin, we prove that 
the moduli space of Sp(2p, 2q)-Higgs bundles over a compact Riemann surface of genus 
g ^ 2 is connected. In particular, this implies that the moduli space of representations 
of the fundamental group of the surface in Sp(2p, 2q) is connected. 



1. Introduction 

Let X be a compact Riemann surface, and let be the moduli space of polystable 
G-Higgs bundles over X, where G is a real reductive Lie group. Higgs bundles were first 
introduced by Nigel Hitchin in [TU] to be a pair (V, <p) consisting of a holomorphic bundle 
V over X and a holomorphic section if of the bundle End V twisted with the canonical 
bundle of X. This notion was then generalised to that of a G-Higgs bundle [Til H], so 
that Hitchin's original definition is a GL(n, C)-Higgs bundle. In this paper we study the 
moduli space A4s p (2 P ,2q), where Sp(2p, 2q) is the real form of Sp(2p + 2q, C) defined by the 
involution M h-> K Ptq M*~ 1 K Ptq on Sp(2p + 2q, C), where 



K 



I p and I q being the identity matrices of the given type. 
In this paper we prove the following. 

Theorem. Suppose that X has genus at least 2. The moduli space M.s p (2p,2q) °/Sp(2p, 2q)- 
Higgs bundles over X is connected. 

We adopt the Morse-theoretic techniques introduced by Hitchin in pjj] , which reduce the 
question to the study of connectedness of certain subvarieties of Msp(2p,2q), defined as the 
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subvariety of local minima of the so-called Hitchin function, denned on A^sp(2p,2<?)- These 
techniques proved to be extremely efficient in the calculation of the connected components of 
the moduli spaces of G-Higgs bundles for several other groups (see, for example, [TTI HI 12118]). 
In order to apply this method, we first obtain a detailed description of the smooth points 
of the moduli space Msp(2p,2q) corresponding to the stable and simple Sp(2p, 2g)-Higgs 
bundles, and prove that the only local minima of the Hitchin function of this type are 
the ones with zero Higgs field. Then we show that stable and non-simple Sp(2p, 2g)-Higgs 
bundles are always given by no-trivial direct sums of stable and simple Sp(2p, 2g)-Higgs 
bundles. This implies that again that the only stable and non-simple local minima of 
the Hitchin function must have zero Higgs field. Finally we deal with strictly polystable 
Sp(2p, 2g)-Higgs showing that they split as a direct sum of stable Higgs bundles for one of 
the following groups: Sp(2pj,2$), V(pi,qi), Sp(2n l ) or U(n,), where pi ^ p, q t ^ q and 
ni ^ p + q. Hence the question of finding all strictly polystable local minima Sp(2p, 2q)- 
Higgs bundles amounts to the same question but for the other given groups. And here we 
are confronted to a situation, which as far as we know, is the first time that appears in 
the study of the connectedness properties of moduli spaces of Higgs bundles using these 
methods. Namely, for the subgroup U(pi, <?;) C Sp(2p, 2q) the Higgs bundles which are local 
minima of the corresponding Hitchin function have non-zero Higgs field in general. To deal 
with this situation, and show that these strictly polystable objects are not local minima 
for Sp(2p, 2q), we give a direct argument, providing a deformation to a stable object, and 
using the fact that stable Sp(2p, 2g)-Higgs bundles with non-zero Higgs field are not local 
minima. 

For a scmisimple Lie group G, non-abelian Hodge theory on X establishes a homeomor- 
phism between M.q and the moduli space of reductive representations of -K\X in G (cf. 
[TU1 IT51 [njj O H] ) ■ A direct consequence of our result is thus the following. 

Theorem. The moduli space of reductive representations of~K\X in Sp(2p, 2q) is connected. 

We finally mention that the main results of this paper have also been independently 
obtained recently by Laura Schaposnik in her PhD Thesis |16j . using other methods, namely 
through the study of the Hitchin map. 

2. Sp(2p, 2g)-HlGGS BUNDLES 

Let X be a compact Riemann surface of genus g ^ 2, and let G be a real reductive 
Lie group, which is a real form of some complex reductive Lie group G c . Let H C G 
be a maximal compact subgroup so that its complexification H c is a closed subgroup of 
G c . Denote by g and f) the Lie algebras of G and H, and let g = f) © m be a Cartan 
decomposition of g, where m is the complement of f) with respect to a non-degenerate 
Ad(G)-invariant bilinear form on g. If 8 : g — > g is the corresponding Cartan involution 
then 1} and m are its +l-eigenspace and — 1-eigenspace, respectively. Complexifying, we 
have the decomposition g c — f) c © m c and m c is a representation of H c through the so- 
called isotropy representation l : H c — > Aut(m ), induced by the adjoint representation of 
G c on g c . If E H c is a principal ff c -bundle over X, we denote by E(m c ) = E H c x H c m c 
the vector bundle, with fibre m c , associated to the isotropy representation. 
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Let K = T*X lfi be the canonical line bundle of X. 

Definition 2.1. A G-Higgs bundle over the compact Riemann surface X is a pair (E H c, <p) 
where E H c is a principal holomorphic H c -bundle over X and ip is a global holomorphic 
section of E(m c ) (g> K, called the Higgs field. 

Let us focus on G — Sp(2p, 2q). In intrinsic terms, this is the group of quaternionic linear 
automorphisms of an p + g-dimensional vector space V over the ring H of quaternions, which 
preserve a hermitian form on V with signature (2p, 2q) . 

In terms of matrices, Sp(2p,2q) is the subgroup of complex symplectic group Sp(2p + 
2q, C) defined as 

Sp(2p, 2q) = {M G Sp(2p + 2q, C) | M*K p>q M = K p . q } , 
where M* denotes the conjugate transpose of M, 

(-Ip 0\ 



Kp,q 



I q 
-I p 



V o o o i q j 

and I p and I 9 are the identity matrices of the corresponding size. From this definition, it is 
obvious that Sp(2p, 2q) is a real form of Sp(2p + 2q, C) given by the fixed point set of the 
involution M \-t K p ^ q M*~ 1 K p ^ q on Sp(2p + 2q, C). Let sp(2p, 2q) denote the Lie algebra 
of Sp(2p, 2q). If a is the involution of the Lie algebra sp(2p + 2q, C) defining the real form 
sp(2p, 2q), then 

tr(M) = -Kp, q M*K p , q , 
and if r : sp(2p + 2q,C) sp(2p + 2q,C) is the involution defining the compact form, 
Sp(p + q), then 

t(M) = —M*. 

Since r and cr commute, define the Cartan involution 9 : sp(2p + 2q, C) — > sp(2p + 2q, C) by 

(2.1) 0{M) = <jt{M) = K p , q MK p , q . 

The corresponding Cartan decomposition of the complex Lie algebra is 

sp(2p + 2q, C) = sp(2p, C) sp{2q, C) © m c . 

Here sp(2p, C) ffi sp(2g, C) is +1 eigenspace of 8. It is the Lie algebra of the complexification 
H c of maximal compact subgroup H of Sp(2p, 2g). Of course, H c = Sp(2p, C) x Sp(2gr, C), 
and also H — Sp(2p) x Sp(2g), the product of the compact symplectic groups. On the other 
hand, the —1 eigenspace of the Cartan involution 6 is 

m c = {(B,C) G M 2px2g (C) x M 2 , x2p (C) | I P B = -C l J q } 

where J p = f ^ and analogously for J q . 

Hence, from Definition 12.11 we have that a Sp(2p, 2g)-Higgs bundle over X is a pair 
(E, (f), where E is a holomorphic Sp(2p, C) x Sp(2g, C)-principal bundle and the Higgs field 
ip is a holomorphic section of E x Sp ( 2p ,c)xSp(2<j,c) m€ ® 
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If V © W is the standard 2p + 2q-dimensional complex representation of Sp(2p, C) x 
Sp(2q, C) and J7v and ilw denote the standard symplcctic forms on V and W respectively, 
then the isotropy representation space is 

m c = {{b,c) e Hom(W,V) x Hom(V, W) | ft v (& v) = -«w(-,c-)}- 

Clearly, if (b, c) € m c then b determines c. In fact, 

W i( v 

D C = —OU) , 

where w v : V — > V* and w w : W — > W* are the isomorphisms induced by f2y and £2w- 

In the vector bundle language, we have hence the following alternative definition of a 
Sp(2p, 2q)-Higgs bundle. 

Definition 2.2. A Sp(2p, 2q)-Higgs bundle over X is a tuple (V, Oy, W, Pi l)i where 
(V, fiy) and (W, fin/) are holomorphic symplectic vector bundles of rank 2p and 2q respec- 
tively, and (/?,7) £ if ((Hom(W, V) Hom(V, W)) ® if) are K-twisted homomorphisms 
P :W <g> K and j : V W <g> K such that 0y(/3-, •) = -f2 w (-,7-)- 

Given a Sp(2p, 2g)-Higgs bundle (V, f2y , W, f2w , /?, 7), we must of course have V = V* 
and W = W* , through the skew-symmetric isomorphisms 

lo v : V — > V* and uj w : W — > W* 

induced by f2y and £lw, and the condition on (3 and 7 given on the definition is equivalent 
to 

(2.2) (^®ljr)w v = -(w w ®ljr)7, 

so that /3 determines 7 (and vice- versa). 

For a Sp(2p, 2q)-Higgs bundle (V, Qy, W, fi^y, 0, 7), we must of course have 

deg(V) = deg{W) = 0. 

In other words, the topological invariant of these objects given by the degree is always 
zero. This is of course consequence of the fact that the group Sp(2p, 2q) is connected and 
simply-connected and that, for G connected, G-Higgs bundles are topologically classified 
(cf. [13] ) by the elements of ttiG. 

Remark 2.3. Two G-Higgs bundles (E H c,tp) and (E' HC ,f') over X are isomorphic if there 
is a holomorphic isomorphism / : E H c — ¥ E' H c such that if' = f{f>), where / ® Ik ■ 
E(m c ) <g> K — > E' HC (m c ) <E> K is the map induced from / and from the isotropy rep- 
resentation H c — !• Aut(m c ). Hence, two Sp(2p, 2g)-Higgs bundles (V, Oy, W, Clw, 0, 7) 
and (V , f2y/, W, flw', /?') are isomorphic if there is are isomorphisms / : V — > V and 
g:W->W such that lo v = /W'/, uj w = ffW'S and /3' 5 = (/ ® l*)/?. 

As Sp(2p + 2g, C) is the complcxification of Sp(2p, 2g), Higgs bundles for the complex 
symplectic group will naturally play a role in this paper. Using Definition 12.11 and the 
standard 2n-dimcnsional complex representation of Sp(2n, C), we obtain the following def- 
inition. 
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Definition 2.4. A Sp(2n, C)-Higgs bundle over the compact Riemann surface X is a tuple 
((F,Qp),ip), where (F,Qf) is a holomorphic symplectic vector bundle of rank 2n and (p is 
a holomorphic K -twisted endomorphism of F which is skew- symmetric with respect to the 
symplectic form flp i.e. Clp(tp-, •) = — f2jr(-, ip-). 

Remark 2.5. From a Sp(2p, 2g)-Higgs bundle (V, fly, W, Qw , P, 7), one readily obtains the 
corresponding Sp(2p + 2q, C)-Higgs bundle (E, ip) by taking 

e = (v®w,n v ®n w ) 

and 

<-) -co 

with respect to the decomposition V ® W. If cj : V W —> V* ® W* is isomorphism 
corresponding to fiy ® Qw i-e. 




then we must have 

{tp* ® Ik)w = — ® lif)^ 
which is obviously equivalent to (|2.2[) . 

3. Moduli spaces 

3.1. Stability conditions. We now briefly deduce the stability conditions for Sp(2p, 2q)- 
Higgs bundles. All the details of this theory can be found in [7], where several examples are 
studied. 

We begin by stating the stability conditions for Sp(2n, C)-Higgs bundles, which will also 
be needed. The following theorem is proved in (7J Theorem 4.4]. Recall that if (F,Qp) is 
a symplectic vector bundle, a subbundle F' C F is said to be isotropic if the restriction of 
ftp to F' is identically zero. 

Theorem 3.1. A Sp(2n, C)-Higgs bundle ((F,Cl F ),tp) is: 

• Semistable ifdeg(F') ^ 0, for any ip-invariant, isotropic vector subbundle F' C F. 

• Stable if deg(F') < 0, for any ip-invariant, isotropic, proper vector subbundle 
F' C F. 

• Polystable if it is semistable and for each ip-invariant, isotropic, proper vector sub- 
bundle F' C F such that degF' = there is another coisotropic vector subbundle 
F" C F which is ip-invariant and F = F' © F" . 

In order to state the stability condition for Sp(2p, 2g)-Higgs bundles, we first introduce 
some notation. For each vector subbundle V of V, denote by V "v the orthogonal comple- 
ment of V with respect to the symplectic form fiy . Define similarly W n w for a subbundle 
W C W. 

For any pair of nitrations 

V = (o = y cy 1 cF 2 c...cF fc = F) 
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W = (0 = Wo C Wi c w 2 c • • • C Wi = W) 

satisfying V k -j = V^" v and Wi-j = wf" w , let 

A(V) = {(Ai, A 2 ,...,A fe ) G l' | A, ^ Ai+i and A fc _ i+1 = -A* for any i}, 

A(W) = {(/ii,/i 2 , • • • G M! I /Uj < Mi+i and M-j+i = _ Mj for any j}. 
For each A = (Ai, A2, ■ ■ • ,Ajt) € A(V) and /i = (/ii,^ 2 , ■ • ■ , w) € A(W), consider the sub- 
bundle of End(V © W) ® if defined by 

N(y,W,\,H)= p| {(o,c) G Vnd(V ®W)(g>K \ b{W 3 ) C ^ © if, c(t$) C (W» ® -K"} 
and let 

k-l 1-1 
d(V,A)=^(A i -A i+1 )degy i and d(W,/i) = J^fai - Mj+i) degWj. 
i=i j=i 

Notice that, for a Sp(2p, 2g)-Higgs bundle (V, Q v , W, ft w , /3, 7), if V C V" and W C W, 
then (|2.2j) implies the following equivalence: 

(3.1) C V <8 K <^=> j(V) C W <g> K. 

Both conditions are clearly equivalent to the tp-invariance of V © W C V (BW where ip is 
given by (|2.3p . Another way to state equivalence (|3.ip is the following: 

08, 7) G JJ°(JV(V, W, A, °(iV(V, W, A, fj,)) 

where 

iV(V, W, A, n) = P| {6 G Hom(W, V) ® K \ b(Wj) QVi® K} C. Hom(W, V) ® K. 

Having these definitions, and according to [7J, we can now state the stability conditions 
for a Sp(2p, 2g)-Higgs bundle. 

Proposition 3.2. A Sp(2p,2q)-Higgs bundle (V, Qv, W, Q\v, P>l) is: 

• Semistable if and only if d(V, A) + d(W, Li) ^ for any choice of filtrations V and 
W as above and any (X, fj,) G A(V) x A(W) swc/i t/iat t3 G H°(N(V, W, A, /x)). 

• Stable «/ and on/y i/ d(V, A) + d(W, /i) > /or any choice of filtrations V and VV as 
a&oue and any (A, m) G A(V) x A(W) \ {(0, 0)} swcft tfetrf /3 G i7°(AT(V, W, A, /i)). 

• Polystable z/ and oniy if it is semistable and, for any choice of filtrations V and 
W as above and any (A,/i) G A(V) x A(W) satisfying Ai < Aj+i and ^ < /z.j + i 
for each i, such that f3 G H°(N(V : W, A, /i)) and d(V, A) + d(W,/i) = 0, there are 
isomorphisms 

v ~ vi © v 2 /Vi © • • • © Ffe/^-x 

and 

W ~ Wi © W2/W1 © • • • © Wj/Wi-i 

such that 

Slv(Vi/Vi-i,Vj/Vj-i) = 0, wnZess i+j = fc + l 
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and 

Slw(Wi/Wi-i, Wj/Wj-i) = 0, unless i + j = l + l. 
Moreover, via this isomorphism, 

13 e f Hom(W J -/P^_ 1 , K/V 4 _i) ® if) . 

There is a simplification of the stability condition for Sp(2p, 2g)-Higgs bundles analogous 
to the cases considered in [TJ. 

Bearing (|3.1[) in mind, we can now state the simplified version of the (semi,poly)stability 
condition for Sp(2p, 2q)-Higgs bundles. 

Theorem 3.3. A Sp(2p,2q)-Higgs bundle (V, Qy, W, flw, P, l) is: 

• Semistable if and only if deg V + deg W ^ for any pair of isotropic subbundles 
V' C V and W C W such that (3(W) C V (g> K . 

• Stable if and only if deg V + deg W < for any pair of isotropic subbundles 
V C V and W C W such that at least one of them is a proper subbundle and 
P{W) c V® K. 

• Polystable if and only if it is semistable and, for any pair of isotropic (resp. 
coisotropic) subbundles V' C V and W' C W such that at least one of them is 
a proper subbundle and f3(W) C V' ® K, such that degV + degW = 0, there 
are other coisotropic (resp. isotropic) subbundles V" C V and W" C W with 
/3(W") C V" ® K such that V = V © V" and W = W © W". 

Proof. Let us deal first with the semistability statement. Consider a Sp(2p, 2q)-Higgs bun- 
dle (V,Qv,W,Slw,P,'y) for which the stated condition holds: for any pair of isotropic 
subbundles V C V and W C W such that fi{W') C V ® K, we have 

deg V' + deg W' «S 0. 

We want to prove that (V, fiy , W, £lw, 0, 7) is semistable and we will do it by making use 
of Proposition 13.21 Suppose that /? is nonzero, for otherwise the result follows from the 
usual characterization of (semi) stability for Sp(2p, C) x Sp(2q, C)-principal bundles due to 
Ramanathan (see Remark 3.1 of |13j). 
Choose any pair of nitrations 

V = (0 = V C Vi C Vi C • • • C V k = V) 

and 

W = (0 £ Wi £ W 2 £ • • • £ Wj = W) 
satisfying V k -i = V^~ Uv and Wi-j = wf° w . Let 

A(V) = {A = (Ai, A 2 , . . . , A fe ) € M fe I A, < and A fe _ 4+ i = -A, for any i} 

and 

A(W) = {/i = (Mi>A»2, • • • , w) e M' I ^ ; < and = -/Xj for any j}, 
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and consider the convex set 

A(V,W,j8) = {(A, fx) G A(V) x A(W) | G ff°(iV(V, W, A,/*))} C M fc x R 1 , 

where 

JV(V,W,A,aO = p| {beRom(W,V)(g>K \b(W 3 ) CVi(g>K}. 

\i=Hj 

Define J = \ j3(Wj) C Vi ® if} = {(«i, ji), ■ ■ ■ , (« r , >)}• It is easily checked that if 

A = (Ai, . . . , A fe ) G A(V) and /i = (hi, ...,//;) G A(W) then, for (i TO , j TO ), (i m +i,J m +i) G J 
the following holds: 

(3-2) (A, /i) G A(V, W, 0) A a = A im+1 = fx jm+1 = fM b , 

for every i rn < a ^ i m +i and j m < b ^ jm+l- Also, the relation f2y(/3-,-) = — f2vv(' 5 7') 
and Vk-i = and Wi-j = W^" w implies that the set of indices in J is symmetric: 

(3.3) (i,j)ej^(k-i,l-j)ej. 

Let now J' = G J \ 2i ^ k, 2j ^ ^} and, for each (i, j) G J 1 , define the vectors 

Li = - e c + e d and M i = ~ e 'c + e d 

c^i d^k-i+1 c^j d^l-j+1 

where e\, . . . , and e' 1; . . . , e\ are the canonical basis of M. k and of M 1 respectively. From 
(|3.2[) and (|3.3p . we conclude that A(V, W, /3) is the positive span of the set {L i: Mj \ G 
J'}. Hence, 

d(V, A) + d(W, m) ^ for any (A, /i) G A(V, W, /3) 

if and only if 

d(V, Li) + d(W, Mj) ^ for any (i,j) G J'. 

Now, we compute 

d(V, Li) + d(W, Mj) = - deg V k -i - deg V t ~ deg Wt-j - deg Wj = -2(dcg V + deg W 3 ) 

where in the second equality we have used that deg Vk-i — deg Vi and degWj_j = degWi, 
since V k -i = V^ Uv and Wi-j = wj~" w . Therefore d(V, A) + d(W,(i) ^ for any (A, /i) G 
A(V,W,/3) is equivalent to degl^ + degW^- ^ for every (i,j) G J', which holds by 
assumption, because, for such (i,j), we have fl(Wj) C Vi ® K and Wj and Vi are isotropic. 
Hence, from Proposition ^. 2[ it follows that (V, fiy, W, flwi l) 1S semistable. 

The converse statement is readily obtained by applying the semistability condition of 
Proposition EU to the nitrations OcV'c V'^ C V and Ocff'c W' Ul C W. 

The proof of the second and third items follow along the same lines. □ 

Let Ms p (2p,2q) be the moduli space of polystable Sp(2p, 2g)-Higgs bundles. The construc- 
tion of the moduli spaces of G-Higgs bundles is a particular case of a general construction 
of Schmitt |17j . using methods of Geometric Invariant Theory, and showing that they carry 
a natural structure of complex algebraic variety. 
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3.2. Deformation theory of Sp(2p, 2q)-Higgs bundles. In this section, we briefly study 
the deformation theory of Sp(2p, 2q)-Higgs bundles and, in particular, the identification of 
the tangent space of Msp(2p,2q) a t the smooth points. All basic notions can be found in 
detail in [7J. 

For each Sp(2p, 2q)-Higgs bundle (V, Sly, W, 11^, P, 7), there is a complex defined as 

(3.4) C = Clv, nv , w ,u w ,M) '■ A nv V ® A n w w (Rom(W, V) © Hom(V, W)) ® K 

where V (resp. Aq W) denotes the bundle of endomorphisms of V (resp. W) which 
are skew-symmetric with respect to fly (resp. fiw), and where 

adCS, 7 )(/, 9) = {fig ~ (/ ® Ik )P, 7/ - (ff ® Ijcfr)- 
The following propositon follows from the general theory of G-Higgs bundles. 

Proposition 3.4. Let (V, fly, W, flw, P, l) be a Sp(2p,2q)-Higgs bundle over X . 

(i) The infinitesimal deformation space of (V, fly, W, flw> P> 7) * s isomorphic to the 
first hypercohomology group H 1 [C* ) of the complex (|3.4[) . 

In particular, if {V, fly, W, flw? P, 7) represents a smooth point of M.sp(2p,2q)> then 
the tangent space of -Msp(2p,2g) oA this point is canonically isomorphic to H 1 (C*). 

(ii) There is an exact sequence 

— > H°(C") — ^ H°{Al v V © — > ff°((Hom(W, V) © Hom(V, W)) ® if) — ► 

— ► H X (C") — > H\Al v V® A 2 Qw W) — ► fT 1 ((Hom(W,VO©Hom(V;W'))® JQ — > 
— >■ H 2 (C") — ► 

w/iere fte maps J?<(A& ^ © A^W) -> iT((Hom(W, V) © Hom(F, VP)) © AT) are 
induced by ad(/3, 7). 

3.3. Stable and non-simple Sp(2p, 2q)-Higgs bundles. An automorphism of a Sp(2p, 2q)- 
Higgs bundle (V, fly , W, flw , P , j) is a pair (/,<?) of automorphisms of the symplectic vec- 
tor bundles (V, fly) and (W, O^) which preserve P and 7. In other words, (/,<?) € 
Aut(V) x Aut(W) must be such that 

V t 1 tt\-l V W I t\-l w 

w / = (/ ) w , w .9 = (5 ) w 

and 

fP = Pa- 

(which is equivalent to 37 = 7/). Thus, 

Aut(V, fly, W, fl w ,p, 7) = {(/, g) e Aut(V, fiy) x Aut(W, O w ) | fp = 
Definition 3.5. A Sp(2p,2q)-Higgs bundle (V, fly, W, flw , P, 7) is said to be simple if 

Ant(V,ny,W,n w ,P,j)=±(ly,l W )9iZ/2. 

So, a Sp(2p, 2g)-Higgs bundle is simple if it admits the minimum possible automorphisms. 
In contrast to the case of vector bundles, stable G-Higgs bundles may not be simple [5J|H]. 
Our purpose in this section is to give an explicit description of Sp(2p, 2g)-Higgs bundles 
which are stable but not simple. 
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As we already saw in Remark [231 from a Sp(2p, 2g)-Higgs bundle (V, Qv, W, Qw, P, 7), 
one constructs an associated Sp(2p + 2q, C)-Higgs bundle by taking (V © W, fV © &w, <p), 
with 

/3 
7 



Proposition 3.6. Let (V,ttv,W,£lw,P,"f) be a Sp(2p,2q)-Higgs bundle and (V®W, fly® 
Q.W,f) be the corresponding Sp(2p + 2q,<C)-Higgs bundle. Then (V, Qy, W, QwiP,j) is 
stable if and only if (V © W, fly © f) is stable. 

Proof. If (V © W, fly © ftw,¥>) is stable, it is clear that (V, f2y, W, Ctw, P, 7) is stable. 
Suppose that (V, fiy, W, 0^, fl, 7) is stable, and let U C V © W be a (^-invariant isotropic 
subbundle. Let U' be the kernel of the projection V © W — >• W restricted to U. This is 
a vector subbundle of U and of V because X is a compact Riemann surface. Denote the 
quotient vector bundle by U" = U/U'. It is a vector subbundle of W. In other words, we 
have the following commutative diagram: 

U' ^ U > U" 



V >■ V © W >■ W 0. 

Since U C U ±n vs>n w ; it follows that U' C U' ±a v an d U' C U" ±n w i.e. U' C V and [/" c W 
are both isotropic. On the other hand, the i^-invariance of U implies that f3(U") C U' <S) K 
and j(U') C U"®K. The stability of (V, Qy, W, A 7) implies then deg(E/')+deg(E/") < 
0, i.e. deg(£7) < 0. □ 

Since the direct sum of stable Sp(2n, C)-Higgs bundles is stable (the proof of this fact 
is very similar to the proof of the previous proposition), we have the following immediate 
corollary. 

Corollary 3.7. A Sp(2p, 2q)-Higgs bundle is stable if and only if it is a direct sum of stable 
Sp(2p' ,2q')-Higgs bundles. 

The description of stable and non-simple Sp(2p, 2q)-Higgs bundles is now straightforward. 

Proposition 3.8. A Sp(2p,2q)-Higgs bundle is stable and non-simple if and only if it 
decomposes as a direct sum of stable and simple Sp{2pi,2qi)-Higgs bundles. In other words, 
a Sp(2p, 2q)-Higgs bundle (V, fly, W, flw, P, 7) is stable and non-simple if and only if 

r 

(3.5) {v,n v ,w,n w , = @(Vi,rL Vi ,Wi,n Wi , fa) 

i=l 

where (V^Qy, Wi,Q,Wi, A) are stable and simple Sp(2pi,2qi)-Higgs bundles and r > 1. 

Proof. Consider a Sp(2p, 2<7)-Higgs bundle given by p.5[) . Since each summand is sta- 
ble, from Corollary 13.71 we see that it is stable. Moreover, each summand is simple, so 
Aut(V, n v ,W,n w , 13,7) S (Z/2) r . □ 
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Indeed, an exact analogue situation occurs for Sp(2n, C)-Higgs bundles. Thus we have 
the following corollary. 

Corollary 3.9. Let (V, fl v , W, Cl w , P , "f) be a Sp(2p, 2q)-Higgs bundle and (V © W, fly © 

Qw,(p) be the corresponding Sp(2p + 2q, C)-Higgs bundle. Then (V, Civ, W, Clw,/3,~f) is 
stable and simple if and only if (V © W, Qy © Clw , f) is stable and simple. 

Recall that A^s P (2 P ,2 9 ) denotes the moduli space of polystable Sp(2p, 2g)-Higgs bundles. 
The following result will be important below. Using Proposition 3.18 of [7], it is straight- 
forward from the fact that the complexification of Sp(2p, 2q) is Sp(2p + 2q, C) and from 
Corollary EU 

Proposition 3.10. A stable and simple Sp(2p,2q)-Higgs bundle corresponds to a smooth 
point of the moduli space A4sp(2p,2g) • 

So, from [17], at a point of A'lsp(2p.2g) represented by a stable and simple (V, fly , W, Clw, P, 7), 
there exists a local universal family, hence, from Proposition [33J the dimension of the com- 
ponent of .A/fsp(2p.2<j) containing that point is the expected dimension given by dimH 1 (C , ) ) 
where C* is the complex given by (|3.4p . Since Corollary 13.91 says that the corresponding 
Sp(2p+2(j, C)-Higgs bundle (V ®W, fl v ®Cl w , <f>) is stable and simple then Aut(V© W, f2y© 
fl w ,(p) = Z/2 also. So, if 



is the deformation complex of the Sp(2p + 2q, C)-Higgs bundle (V © W, Vty © flwi v), then 
using Corollary 3.16 of (7], we know that = H°(C' p(2j)+2?!C) ) = H°(C") © H 2 (C")*. 
Therefore dim H 2 (C* (V, Sl v , W, Q w , (3, 7)) = 0. So (ii) of Proposition E31 yields 

dimX Sp(2p , 29) = dimH 1 (C) = (p{2p+l)+q{2q+\))(\-g)+pq(Ag-A). 

3.4. Polystable Sp(2p, 2g)-Higgs bundles. Now we look at polystable Sp(2p, 2g)-Higgs 
bundles. First notice that we can realize U(p, q) as a subgroup of Sp(2p, 2q), using the 



Again from Definition 12.11 we obtain the following definition of U(p, g)-Higgs bundles on 
the Riemann surface X: 

Definition 3.11. A \J(p, g)-Higgs bundle on X is a quadruple (V , W, (3', 7') where V' 
and W are vector bundles of rank p and q, and the Higgs field is given by (/3',7')> where 
/3' e H (Hom(W', V) © K) and 7' £ H°(Rom(V\ W) © K). 

From a U(p, g)-Higgs bundle (V, W, (3', 7') and from the inclusion of U(p, q) in Sp(2p, 2q), 
one obtains the corresponding Sp(2p, 2g)-Higgs bundle 



where ( , )y and (,)w denote the standard symplectic forms on V © V* and on W © W* . 



Cs P (2p+2<j,c) : ^h v ®n w {V © W) 



ad(^) 



>A 2 



injection 




(V © V'*, (,) V ,,W® W'*, (,)w;P- ~ /?"), 
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Theorem 3.12. Let (V, fiy , W, flw, P, 7) be a polystable Sp(2p,2q)-Higgs bundle. There is 
a decomposition of (V, W, £lw, P, 7) as a sum of stable d-Higgs bundles, where Gi is 
one of the following subgroups ofSp(2p,2q): Sp(2pi,2qi), U(p,,gi), Sp(2ni) or\]{ni), where 
Pi < P, q% ^ q and Hi ^p + q. 

Proof. Since (V, fly, W, flw 1 Pi l) is polystable, we know, from Proposition 13. 2\ that for 
every nitration 

v = (0 = v c Vi c y 2 c • • • c v k = v) 

W = (0 = Wo C Wx C W 2 C • • • C Wi = W) 

satisfying V k -i = V^" v and Wi-j = wf nw , and any (A, (i) € A(V) X A(W) satisfying A l < 
Ai+i and ^ < for each i, such that /? G H°(N(V, W, A, /i)) and d(V, A) + /i) = 0, 
there are isomorphisms 

v ~ 1/1 e ^2/^1 © • • • © 14/Vfc-i 

(3 ' 6) W ~ Wx © W 2 /Wi © • • • © W1/W1-1 

such that 

Qy(Vi/Vi_i,V}/Vj_i) =0, unless i + j = k + 1 
n W (Wi/Wi_i, Wj/Wj-i) = 0, unless i + j = 1 + 1 
and that, via this isomorphism, 



(3.7) 



P e H ° ( Hom^/W^-i, Vi/Vi-i) © . 



(3.8) 



Now we analyse the possible cases. Condition (|3.7|) tell us that, with respect to decom- 
position ()3.6p . we have 



/ 







ujX 

W 



-K) 4 \ 




J 



1 





.. 


• -«)*\ 






.. 




















.. 





\ w i 





.. 


y 



where : Vi/Vj_i — > (Vk+i-i/Vk-i)* is the isomorphism induced by fiy and similarly 
for u)f. 

For any k, I, whenever we have A; = /ij for some i 7^ and j 7^ ^ti, then we also have 
Afe+i-j = The symplectic forms do not restrict to Vi/Vi-i and to Wj/Wj—i, but 

we have the restrictions 



Pj : Wj/Wj-! — > y/^.j (8 if, A+i-, : T^+i -jM-j 
of /? to Wj/Wj-i and respectively. If 

7, : Vi/Vi-i — > Wj/W^-x © K 
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is given by 7i = -{{uof)" 1 ® l K ){Pi+i-j ® lk)^Y and if P' = MVi/Vi-i) and q' = 
Tk(Wj/Wj-i), then 

{Vi/Vi^Wj/Wj-ufan) 

is an U(p', g')-Higgs bundle. Of course one also obtains the corresponding dual \J(p',q')- 
Higgs bundle, being an U(p' + g')-Higgs bundle if j3j — ji = 0. 

If Afc+i = jUi+i , then we must have k, I both odd, and indeed Xk±i = iii+i = so, 

2 2 2 2 

from (T5T5T) 5 restricts to Bi+i : Wi+i /Wi-i Vu+i /Vh-i . Also, from (1X71) . fly and 

2 2 2 2 2 

both restrict to Vk+i / V*-i and to Wi+i /Wi-i which must then have even rank 2p' and 2q' 

2 2 2 2 

respectively (p' ^ p and q' ^ g). Hence, if 

7i±l = -((^ H/ )7+ 1 1 ® lx)(/3*i±i ® 

2 ~ 2~~ 2 2 

then 

(Vfc+i /Vfc-i , fiy, Wi+i /Wi-i , Q,w, Pi±i , 7l+i ) 

2 2 2 2 2 2 

is a Sp(2p', 2q')-Higgs bundle, being a Sp(2p' + 2q')-Higgs bundle if i+i = 0. 

Similarly, for Aj 7^ then /? does not restrict to (3j : Wj/Wj-i — > Vi/VVi ® if, and if 
i 7^ and j ^ =4p then the symplectic forms f2y and f2^y also do not restrict to Vj/Vj-i 
and Wj/Wj-i respectively. So Vj/V}_i is a U(p')-Higgs bundle and Wj/Wj-i is a U(g')- 
Higgs bundle. If still Ai 7^ /ij but i = (hence fc is odd) then the only difference is that 
f2y restricts to Vj/Vj-i so its rank p' must be even. Hence (Vj/Vj-i, f2y) is a Sp(p')-Higgs 
bundle. Similarly if A; 7^ /ij but j = (hence Z is odd). □ 



4. The Hitchin proper functional and the minima subvarieties 

Here we use the method introduced by Hitchin in [10] to study the topology of the moduli 
spaces of G-Higgs bundles, applying it to A^sp(2p,2q)- 
Let 

/ : A4 Sp (2 P: 2<?) > K 

be given by 

f(V,Sl v ,W,Sl w ,l3, 7) = \\(3\\h + || 7 ||| 2 = / \I3\ 2 + l7| 2 dvol. 
This function / is known as the Hitchin function. 

Remark 4.1. The definition of the Hitchin function / implicitly uses the correspondence 
between Msp(2p,2q) and the moduli space of the so-called Hitchin equations. In fact the 
Hitchin-Kobayashi correspondence states that a Sp(2p, 2g)-Higgs bundle (V, Qy, W, flw,P, 7) 
is polystable if and only if it admits a reduction to the maximal compact Sp(2p) x Sp(2g) 
i.e. a metric h on (V, fiy, W, £l\v) such that the Hitchin equations are verified. This is the 
so-called harmonic metric. For more details, see [U [101 [19] and, more recently and in this 
generality, [U[7]. Thus, here we are using the harmonic metric on (V, f2y, W, fiw) to define 
\\P\\ L 2 and || 7 || L 2. 
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Using the Uhlenbeck weak compactness theorem, one can prove p~Ql Qj] that the function 
/ is proper and therefore it attains a minimum on each closed subspace M! of -A/Jg p (2 P) 2g). 
Moreover, from general topology, one knows that if the subspace of local minima of / on 
M! is connected then so is M 1 . 

Proposition 4.2. Let M! C A4sp(2p,2q) be a closed subspace and let JV' C M' be the 
subspace of local minima of f on M! '. If N 1 is connected then so is M! . 

The idea is to have a detailed description of the subspace of local minima of /, enough 
to draw conclusions about its connectedness. The way this is achieved was first found by 
Hitchin in [IU] and [TT] , and then was applied for several cases [TJ |2J [3J [HI 03 • This is hence 
by now a standard method, so we will only sketch it. 

The analysis of the local minima of / is done separately for smooth and non-smooth 
points. From Proposition 13.101 we know that a stable and simple Sp(2p, 2g)-Higgs bundle 
represents a smooth point on -Msp(2p,2<7) ■ So, we will carry the analysis of local minima of 
/ separately for stable and simple, hence smooth, Sp(2p, 2g)-Higgs bundles and for those 
Sp(2p, 2g)-Higgs bundle which may not be stable or simple. 

4.1. Stable and simple local minima. In this section we only consider stable and simple 
Sp(2p, 2g)-Higgs bundles. The restriction of the Hitchin function / to points represented 
by such Higgs bundles is a moment map for the Hamiltonian S^-action on A^g p (2 P 2q) given 
by 

e^ 16 ■ (v, n v , w, n w ,p, 7 ) = (v, n v ,w, nw^^p, e^S). 

A point of Msp(2p,2q) represented by a stable and simple Sp(2p, 2g)-Higgs bundle is thus a 
critical point of / if and only if it is a fixed point of the ^-action. Let us then study the 
fixed point set of the given action. 

Let (V, fiy , W, &W: P, 7) represent a stable and simple (hence smooth) fixed point. Then 
either /3 — (hence 7 = 0) or, since the action is on Msp(2p,2q)i there is a one-parameter 
family of gauge transformations g(t) such that 

g{t) ■ (V,n v ,W,n w ,j3,j) = (V,n v ,W,n w ,e' /=I %e^ :Xt 'Y). 
In the latter case, let 

tf = |*(i)l«=o 

be the infinitesimal gauge transformation generating this family. (F, fly, W, fi^j P, 7) is 
then what is called a complex variation of Hodge structure or a Hodge bundle (cf. [101 1111 
IT9]). This means that 

A M 

Here the V\'s and W^'s are the eigenbundles of the infinitesimal gauge transformation 
ip = (V'ViV'w)) where ipy and ipw are the induced infinitesimal Gauge transformations of 
V and W. So, over V\ and over W^, 

(4.1) Vvk = \/^TAeC, ^ w \w» = V^iv e C, 
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with A, /i € R. Moreover, 

(4.2) ad(V)C8,7)=V=TC8,7)- 
hence, for each j, 

P(Wj) C V} +1 ® K, jiVj) C Wj+i ® K 

so 

(4.3) £ = $>J, & = 0k : — > V,+i K 

and similarly for 7. This tells us also that the eigenvalues of ipy differ by one, as well as 
the ones of ipyy , and that there is a tight connection between the eigenvalues of %j)y and of 
ipw 

Since tp = (V'VjV'w) locally takes values in sp(2p) © sp(2g), then using (|4.ip one can 
prove that Vj and are orthogonal under fly unless j + k = and that Wj and are 
also orthogonal under Sly/ unless j + k = 0. Therefore uj v : V — !• V* and w 14 ' : W — > W* 
yield isomorphisms 

U J = lo v \ Vj : V j ^> V1* J7 < = w w \ Wj : ^ ^> 

satisfying 

(4-4) = = 

In particular, this means that 

(4.5) V = V_ m © • • • © V m , W = W- n © • • • © W n 

for some m,n ^ 1/2 integers or half-integers. Notice that, if j3 7^ 0, then both n and m 
must be of the same type, i.e., either both integers or both half- integers. This follows from 
(|4.3[) . Notice that we also have (wj+i © lif)7j = (—pLj-i © for every j. 

Now, the Cartan decomposition of g c induces a decomposition of vector bundles 

E(g c ) = E{kf) © E(m c ) 

where E(g c ) (resp. E(t) C )) is the adjoint bundle, associated to the adjoint representation 
of H c on q c (resp. f) c ). For the group Sp(2p, 2q), we have 

E( Q c )=A 2 nv(SQw (V(BW) 

where Sly ffif^vy is the symplectic form on V®W canonically defined by Sly and Slw Also, 
we already know that 

E(t) c ) = Kl v V © A 2 Qw W 

and, from (T2~2"j) . that 

(4.6) £(m c ) = {(f,g) € Hom(W, V) © Hom(F, W) | w w 5 = ~fuj v } = Hom(W,V) 
Let 

(4-7) 9 : Aq en (V © W) — ► A* (y © 
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be the involution in E(q c ) = Aq (V © W) defining the above decomposition. It is, 
of course, induced by the Cartan involution of the Lie algebra, 9 defined in (|2.1[) . Its 
+l-eigenbundle is A^ v V © ALW and its — 1-eigenbundle is E(m c ) as in (|4.6[) . 
We also have a decomposition of 

End(V ®W)= End(y) © End(VF) © Hom(W / , V) © YLom{V, 

as follows: 

2m 2n 

End(F) = Hom^.Vi), End(W) = Hom^,^), 

k— — 2m i—j — k k— — 2n i—j — k 

and 

m+n m+n 

Hom(W,F)= Hbmfl^.K), Hom(V;W) = 0Hom(^,W l ). 

k— — m — n i—j—k k=—m—n i—j—k 

Write ku = 2max{m,n}. For each k £ {— &m, ■ ■ ■ , km}, let E(Q C )k be the subbundle of 
E(g c ) defined as 

^(fl c )fc = ( End (^ © Wj, Vi © Wi)) n A* vef2w (y © w). 

i—j=k 

We have therefore, that 

few 

(4-8) A^ e0w (T/© WO 

From (14. ip . E(Q C )k is the V - lfc-eigenbundle for the adjoint action 

ad(V>) : A^, ffin „, (V © W) A 2 nv(Bnw (V © W) 

of -0. We say that E(Q C )k is the subspace of Aq ~ n (V © 14 7 ) with weight k. 

Now, given an element w in E(g c )k, we have ad(^>)(v) = \/— lfeu. On the other hand, if 
is given by (|4.7[) . 

ad(^)(H = ty>,0u] = 0[0^,v] = 0faM] = \f-ik6v 

because in (|4.7I) is induced by the Lie algebra Cartan involution (|2.ip and because ip takes 
values in f) c . So, we conclude that in (|4.7I) restricts to an involution, 9k : -E(g c )fe — ► 
£(f| C ) fel on £( c ) fe . If 

£( fl c ) fe = £(f) c ) fe ©£:(m c ) fe 
is the corresponding Cartan decomposition on ±1 eigenbundlcs of 9k, we have 
E{<cf) k = E(Q C ) k n £([) C ) 

= ((Hom(^,t/ l )nA^y)ffi(Hom(I^,W i )nA^VF)) 
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thus, 

k M 

(4-9) kl v V®kl w W = E(\ ) c )= 



k— — kr\ 



On the other hand, 

E(m c ) k = E(g c ) k n E(m c ) 



: ( RomiWjM) eRomiVj, Wi) 

i—j=k 

n {(/, ff) e Hom(TU, V) © Hom(V, IV) | cj^y = -fu v }, 



thus 

fcjVf 

(4.10) E(m c )= £(m c ) fc . 

fe=— fc M 

Observe that, by (|3^]t, (£,7) € ff (£(m c )i ® if). 
Notice that if (/, .9) G E(Q C ) k is such that 

/= XI /.;.< and 9 = X 

i—j—k i—j—k 



with /^j € Hom(X^,Fi) and g jti G Hom(Wj, Wi), then (f,g) G £(f) c )fc if and only if 
(4.11) "-jf-i,-j = -fli"-i, "-j9-i,-j = 



for every i, j with i — j = k. 

The map ad(/3, 7) interchanges £'([) c ) with E(m c ) and therefore maps E(i) c ) k to £(m c )fc-|-iC 
if and E(m c ) k to i?(l) c )fe + i ® if. So, for each k, we have a weight fc subcomplex of the 
complex C = C'(V, Cl v , W, tt w ,P, l) defined in (l3~4l : 

(4.12) cs; = c' k (v,n v ,w,n w ,p n ) ■. E(t) c ) k E( m c ) k+1 ® if . 

The following result is fundamental for the description of the smooth local minima of /. 
This is basically Lemma 3.11 of [3] (see also Proposition 4.4 of pQ). Although the proof in 
those papers is for GL(n, C) and U(p, g)-Higgs bundles, the same argument works in the 
general setting of G-Higgs bundles (see Remark 4.16 of p]): the key facts are that for a 
stable G-Higgs bundle, (E H c,f), the Higgs vector bundle (E H c XAdfl C , ad(y)) is semistable, 
and that there is a natural ad- invariant isomorphism E H c XAd C — (Ejjc x Ad C )* given 
by an invariant pairing on g c , such as the Killing form. 

Theorem 4.3. Let (V, Cly, W, £lw> A 7) £ -^Sp(2p,2q) be a stable and simple critical point 
of the Hitchin function f. Then (V,f2y, W,£ly/,f3,'y) is a local minimum if and only if 
either /3 = 7 = or ad(/3, 7)^ in (|4.12[) is an isomorphism for all k 1. 

Using this, one can now describe the smooth local minima of the Hitchin function /. 
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Proposition 4.4. Let the Sp(2p, 2q)-Higgs bundle (V, Oy, W, flw, ft, 7) be a critical point of 
the Hitchin function f such that (V, W, £lw, P, 7) is stable and simple (hence smooth). 
Then (V, fiy, W, P, l) represents a local minimum if and only if (3 = 7 = 0. 

Proof. Recall that (3 and 7 are related by (|2.2p . In particular, j3 = if and only if 7 = 0. 
Suppose that (V, flv,W,£lwi 0, 7) is a critical point of / with f3 7^ 0. Hence, as explained 
above, we have the decompositions (|4.5[) of V and W and also the weight decompositions 
([Oil , gU) and ([QUI) of £(g c ), £(f) c ) and of £(m c ) respectively. 

Recall that fcjvf = 2max{m, n} is the highest weight. Suppose that m n, so that 
/cm = 2m ^ 1. Take the complex C| m for this highest weight. Then from Theorem 14.31 we 
must have an isomorphism 

ad(^, 7 ) 2m : E(tf) 2m — > E(m c ) 2m+1 ® if. 

Since we are taking the highest weig ht, £(m c ) 2m+ i (8 if = 0. However E{^ c ) 2m ^ 0. 
Indeed, 

E{t) c ) 2m = Hom(y_ m! V m ) n a£ v v. 
Since V_ m 7^ 0, then it is possible to find a non-zero map g : V_ m — > which is 

symmetric: g = g. Now, consider 

( w m) _1 5 : V-m ► V m - 

It follows from the symmetry of g, from ()4.4II and from (14.11| that (i J j^ l )~ 1 g is indeed a 
non-zero element of E(i) C ) 2m . 

So, ad(/3, 7)2771 is not an isomorphism and by the previous theorem, (V, fiy , W, Qw, P, 7) 
is not a local minimum of /. □ 

4.2. Local minima in all moduli space. In [TT], it was observed that the Hitchin function 
is additive with respect to direct sum of Higgs bundles. In our case this means that 

/(0(v; , n Vi , Wi, n Wi , ft, 7 i)) = ^2f(Vi, n Vi , wi, , ft, 

Hence, the following proposition is immediate from the previous proposition and from 
Proposition 13.81 

Proposition 4.5. j4 stable Sp(2p,2q)-Higgs bundle (V, fly, W, Qw> P> 7) represents a local 
minimum of f if and only if /3 = 7 = 0. 

In order to have a description of the subvariety of local minima of /, it remains to deal 
with the strictly polystable Sp(2p, 2g)-Higgs bundles. 

Theorem 4.6. A polystable Sp(2p, 2q)-Higgs bundle (V, Cly, W, Slw> /?, 7) represents a local 
minimum if and only if f3 — 7 = 0. 

Proof. From Theorem 13.121 we know that a polystable minima of / decomposes as a direct 
sum of stable Gi-Higgs bundles where Gi = Sp(2pi,2qi), Sp(2nj), \J(jPi,qi) or U(rij), with 
Pi p, qi ^ q, rii ^ p + q. For the compact groups Sp(2ni) or U(n,) it is clear that the 
local minima of / on the corresponding lower rank moduli spaces must have zero Higgs 
field. For stable Sp(2p i; 2gj)-Higgs bundles, we apply Proposition 14.51 to obtain the same 
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conclusion. The case of XJ(pi,qi) is, however, more complicated, due to the fact that the 
stable U(p,, gi)-Higgs bundles (V , W, (3', 7') which are local minima of the Hitchin function 
in the moduli space A^u(p<,g<) have only f3' = or 7' = — both of them are zero only 
when the degrees of V' and W are zero — (see [U Theorem 4.6]). Suppose, without loss of 
generality, that 7' = 0. Then, from [TJ Proposition 4.8]) we must have deg(V) ^ (also, 
deg(W') — — deg(V) > — this follows from the description of the V(pi,qi) which may 
occur in Theorem l3.12[) . Then (V, W' , /3', 0) is a stable local minima of / in ■A / tu(p i ,g i ), so 
the corresponding strictly polystable Sp(2j>i, 2<7i)-Higgs bundle 

(4.13) {V ®V'*,{,)v',W' ®W'*,(,) w ,,!3',p n ) 

is a potential local minima of / in M.s p (2p i ,2q i ) without f3' = 0. However, in Lemma [4.71 
below, we show that such Sp(2p i; 2(7i)-Higgs bundle can always be continuously deformed 
into a stable Sp(2pi, 2<7i)-Higgs bundle, which together with Proposition 14.51 proves that 
(|4.13p is not a local minimum of /. This completes the proof. □ 

Lemma 4.7. Let (V, W',/3',0) be a stable U(p' , q')-Higgs bundle. Then the corresponding 
strictly polystable Sp(2p', 2q')-Higgs bundle (V ® V* , ( ,)y, W ®W'*,(, )w,P', -/?") can 
be deformed to a stable Sp(2p', 2q')-Higgs bundle. 

Proof. Since the part in J ff°(Hom(y', W')®K)) of the U(p', q')-Eiggs bundle (V, W, P', 0) 
is zero then, by Proposition 4.8 of [I], the degree of V must be negative. Write deg(V') = 
d! < 0, so that deg(W) = -d' > 0. Write also, /3 = (3' and 7 = so that the 

corresponding Sp(2p', 2(7')-Higgs bundle is 

{V ®V'*,{,) V ,W' ®W'*,{,) w ,P,l) 

which is of course strictly polystable. In order to deform it, we will first make use of 
non-trivial extensions of V* by V and of W by W* . These are of course parametrized 
by non-zero elements of H 1 ^' ® V) and _ff 1 (H // * ® W'*). However, since we want that 
the vector bundles given by these extensions carry symplectic forms, we must (cf. [12\ 
Criterion 2.1]) consider only extensions parametrized by non-zero elements of H 1 (S 2 V) and 
H 1 (S 2 W'*). Since d' sC and g ^ 2, it follows from Ricmann-Roch that dimH^V) > 
and dim H 1 (S 2 W'*) > 0. So we can choose any non-zero elements 

(4.14) 7) V € H^^V), T) W € H^^W'*), 
defining then symplectic vector bundles (F, Clp) and (G, fla) such that 

— > V ^ F ^ V* — > and — > W'* ^ G W' — > 0. 

Notice that in this way, V and W* are Lagrangian subbundles of F and G respectively. 
Moreover, if us F : F — > F* and oj g : G — > G* are the isomorphisms coming from and 
Qg, then 

(4.15) =uj G i w >, pv>=iv>u F . 
Define now the Sp(2p', 2g')-Higgs bundle 

(F,r» F ,G,r> G ,/3,7) 
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where 

P = ivPPw, 7 = iwlPv- 
From (|4.15[) . this is equivalent to 

>y = -(w a )- 1 t w F 

as wanted. 

We have to prove that (F, flp, G, £Ig, P, 7) is stable. So, let A c F and B C G be any 
isotropic subbundles such that 

P{B) CA®K. 

which is equivalent to 

j{A) c B ® K. 

Since semistability is an open condition, then (F, Clp, G, fla, $, 7) is semistable, so deg(A) + 
deg(B) ^ 0. We want to prove that 

(4.16) deg(A) + deg{B) < 0. 

Let A' be the kernel of pv restricted to A. It is a vector subbundle of A (recall that we 
are on a Riemann surface). Let A" = A/ A' be the quotient bundle. Define similarly B 1 C B 
and B" = B / B' . So we have the following commutative diagrams (where to simplify we 
are not including K) 





V 


9- 1 


I 




II 















^ F *- V* *- 

- G ^ W 5- 

^ B' ^ B B" ^ 0. 

It is easy to see that 

/3(B) c A® K MB") <ZA'®K, 
(4-17) „ 

j(A) c B ® K 1 (A") c B' <g> K 

where we recall that, by definition, @ = j3' £ H°(Hom(W' , V) <E> K) is the map in the 
U(p', <7')"tligg s bundle (V',W',/3',0) we started with, and also by definition, 7 = — /?" £ 
H°(Rom(y'* , W'*) <8> K) is the map on the dual U(p', <j')-Higgs bundle (V* , W* , 0, -/?'*). 
Notice that since (V, W, /3', 0) is stable then (V*, W'*, 0, -/3'*) is stable as well. Now, 

deg(A) + deg(B) = dcg(A') + deg(B") = -(deg(A") + deg(B'))- 



>- V 

*W" 
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This together with (|4Tf]) contradicts the stability of (V, W, /?', 0) and (V'*,W'*,0, -/3'*), 
unless A' = V and B" — W' or A' = B" = 0. However, in this cases we will also reach a 
contradiction. Indeed, if A' = V and B" — W', then we must have 

W* G W >- 

^ B' B ^ W ^ 

and since B is isotropic, its rank is at most q', this being the rank of W' . It follows that 
B = W' . But this yields a splitting of the non-trivial extension defining G, a contradiction. 
If instead we have A' = B" = 0, then we must have A" — V* and B' = W'*, and along 
the same lines this will contradict the non-triviality of the extension defining F. Therefore 
we must have deg(A) + deg(-B) < 0, proving (|4.16[) and showing that (F, tip, G, Og, j3, 7) is 
stable. 

Finally, the required deformation is given just by taking (F t ,Q.p t ,G t ,^lG t T Ptilt), where 
t is a parameter in the unit disc, and (F t ,ftp t ) and (G t ,flG t ) are the symplectic vector 
bundles defined by classes trjv and trjw , where r\y , r\w are given in (I4.14[) , and (3 t , 7t are 
defined in a similar manner as (3 and 7 above. □ 

5. Connected components of the space of Sp(2p, 2g)-HiGGS bundles 

From Theorem 14.61 we conclude that the subvariety Afsp(2p,2q) of local minima of the 
Hitchin function / : A / Js p (2 P ,2q) — >• M is isomorphic to the moduli space of Sp(2p + 2q,C)- 
principal bundles or, in the language of Higgs bundles, to the moduli space of Sp(2p + 2q)- 
Higgs bundles. 

In [Ml [15] , A. Ramanathan has shown that if G is a connected reductive group then 
there is a bijective correspondence between 7To of the moduli space of G-principal bundles 
and -K\G. Hence, since Sp(2p + 2q) is simply-connected, it follows therefore that the same 
is true for A/s P (2p,2q)- So, using Proposition 14.21 we can state our result. 

Theorem 5.1. Let X be a compact Riemann surface of genus g ^ 2 and let A^sp(2p,2«j) be 
the moduli space of Sp(2p, 2q)-Higgs bundles. Then Msp(2p,2q) * s connected. 
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